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Abstract
Let Fp be a prime field of order p, and A be a set in Fp with |A| ≤ p
1/2. In this note, we
show that
max{|A+A|, |f(A,A)|} & |A|
6
5
+ 4
305 ,
where f(x, y) is a non-degenerate quadratic polynomial in Fp[x, y]. This improves a recent
result given by Koh, Mojarrad, Pham, Valculescu (2018).
1 Introduction
Let A be a set of integers. The sum and product sets are defined as follows:
A + A ={a + b : a, b ∈ A}
A · A ={ab : a, b ∈ A}.
Throughout this paper, by X ≫ Y, we mean X ≥ C1Y for some positive constant C1, and X ∼ Y
means that X ≫ Y and Y ≫ X , by X & Y we mean X ≫ (log Y )−C2Y for some positive constant
C2.
Erdo˝s and Szemere´di [3] proved that for any finite set A ⊂ Z, we have
max{|A+ A|, |A · A|} ≫ |A|1+ε
for some positive constant ε. In the setting of finite fields, a similar result has been derived by
Bourgain, Katz, and Tao [1]. They showed that for any set A ⊂ Fp, where p is a prime and
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pδ < |A| < p1−δ for some δ > 0, one has
max{|A+ A|, |A · A|} ≥ Cδ|A|
1+ε,
for some ε = ε(δ) > 0. We note here that in the result of Bourgain, Katz, and Tao [1], it is difficult
to determine the relation between ε and δ.
Hart, Iosevich, and Solymosi [5] developed Fourier analysis tools to obtain a bound over arbitrary
finite fields that gives an explicit dependence of ε on δ as follows.
Theorem 1.1 (Hart-Iosevich-Solymosi, [5]). Let Fq be an arbitrary finite field of order q, and
let A ⊂ Fq. Suppose |A+ A| = m and |A · A| = n, then we have
|A|3 ≤
cm2n|A|
q
+ cq1/2mn, (1)
for some positive constant c.
By a direct computation, Theorem 1.1 is non-trivial when |A| ≫ q1/2. For |A| ∼ q7/10, we have
max {|A+ A|, |A · A|} ≫ |A|8/7.
Using exponential sums, Garaev [4] obtained the following improvement.
Theorem 1.2 (Garaev, [4]). Let Fq be a finite field of order q and A be a set in Fq.
1. If q1/2 ≪ |A| ≪ q2/3, then
max {|A+ A|, |A · A|} ≫
|A|2
q1/2
.
2. If |A| ≫ q2/3, then
max {|A+ A|, |A · A|} ≫ (q|A|)1/2.
Hence, if |A| = qα, then we have
max {|A+ A|, |A ·A|} ≫ |A|1+α
′
,
where α′ = min {1− 1/2α, (1/α− 1)/2}. If α is very small, say α ≤ 18/35, and q is a prime
number, then Rudnev, Shakan, and Shkredov [10] proved the following.
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Theorem 1.3 (Rudnev-Shakan-Shkredov, [10]). Let Fp be a prime field of order p. Let A be
a set in Fp. Suppose that |A| ≪ p
18
35 , then we have
max{|A+ A|, |A · A|} ≫ |A|1+
2
9
−o(1).
This theorem improves the earlier exponents 39/32 due to Chen, Kerr, and Mohammadi [2] and
6/5 due to Roche-Newton, Rudnev, and Shkredov [9].
Definition 1.4. Let Fp be a prime field. A polynomial f(x, y) ∈ Fp[x, y] is degenerate if it is of
the form Q(L(x, y)) where Q is an one-variable polynomial and L is a linear form in x and y.
In a recent work, a very general bound for quadratic polynomials has been given by Koh, Mojarrad,
Pham, and Valculescu [7].
Theorem 1.5 (Koh-Mojarrad-Pham-Valculescu, [7]). Let Fp be a prime field of order p, and
let f(x, y) ∈ Fp[x, y] be a non-degenerate quadratic polynomial. For A ⊂ Fp with |A| ≪ p
5/8, we
have
max{|A+ A|, |f(A,A)|} ≫ |A|6/5.
In this paper, we use methods in [10, 11] to improve this theorem as follows.
Theorem 1.6. Let f(x, y) ∈ Fp[x, y] be a non-degenerate quadratic polynomial. For A ⊂ Fp with
|A| ≪ p1/2 we have
max{|A+ A|, |f(A,A)|} & |A|
6
5
+ 4
305 .
2 Proof of Theorem 1.6
For A,B ⊂ Fp, let E
+
4 (A,B) be the number of tuples (a1, a2, a3, a4, b1, b2, b3, b4) ∈ A
4 × B4 such
that
a1 − b1 = a2 − b2 = a3 − b3 = a4 − b4.
For A ⊂ Fp, we define
d+4 (A) := sup
B 6=∅
E+4 (A,B)
|A||B|3
.
Note that since E+4 (A,B) ≥ E
+
4 (A,A) ≥ |A|
4, we have d+4 (A) ≥ 1.
It has been observed in [11] that the sup is taken over all sets B with |B| ≤ |A|3/2. Indeed, if
|B| ≥ |A|3/2, then
d+4 (A) = supB 6=∅
E+4 (A,B)
|A||B|3
≤
|A|4|B|
|A||B|3
≤ 1,
3
a contradiction.
In [11], Shakan and Shkredov proved that
d+4 (A)≪
|A · A|2
|A|2
whenever |A| ≤ p3/5. They also derived the following lemma.
Lemma 2.1 ([11]). For A ⊂ Fp, we have
d+4 (A) &
|A|48/13
|A+ A|35/13
.
In this paper, we will give an upper bound of d+4 (A) in terms of |f(A,A)| for any non-degenerate
quadratic polynomial f as follows.
Lemma 2.2. Let f(x, y) ∈ Fp[x, y] be a non-degenerate quadratic polynomial. For A ⊂ Fp with
|A| ≪ p1/2, we have
d+4 (A)≪
|f(A,A)|2
|A|2
.
To prove lemma 2.2, we use the following result in [6].
Theorem 2.3 ([6]). Let f ∈ Fp[x, y, z] be a quadratic polynomial that depends on each variable
and that does not have the form g(h(x) + k(y) + l(z)). For A,B,C ⊂ Fp with |A||B||C| ≪ p
2, let
E be the number of tuples (a, b, c, a′, b′, c′) ∈ (A×B × C)2 such that f(a, b, c) = f(a′, b′, c′). Then
we have
E ≪ (|A||B||C|)3/2 + (|A|+ |B|+ |C|)(|A||B||C|) + |B|2|C|2.
Proof of Lemma 2.2: Let B ⊂ Fp be a set maximizing d
+
4 (A). By a dyadic decomposition,
there exist a number t > 0 and a set Dt := {x : rA−B(x) ≥ t} such that
E+4 (A,B) ∼ |Dt|t
4.
Without loss of generality, we assume that f(x, y) = ax2 + by2 + cxy + dx + ey with a 6= 0. Let
f ′(u, v, w) := f(u+ v, w).
Since f(x, y) is a non-degenerate polynomial, by an elementary calculation, we have f ′(x, y, z) is
not of the form g(h(x) + k(y) + l(z)) for some polynomials g, h, k, l.
Consider the following equation
f ′(u, v, w) = t, (2)
4
with u ∈ Dt, v ∈ B,w ∈ A, t ∈ f(A,A).
It easy to check that the number of solutions of the equation (2) is at least |Dt|t|A|. Now by the
Cauchy-Schwarz inequality, we have
|Dt|t|A| ≪ |f(A,A)|
1/2E1/2, (3)
where E is the number of tuples (u, v, w, u′, v′, w′) ∈ (Dt × B × A)
2 such that
f(u, v, w) = f(u′, v′, w′).
Suppose |Dt||A||B| ≪ p
2. We now consider the following cases:
Case 1: If |Dt| ≤ |B|, then Theorem 2.3 with A := Dt, B := B,C := A gives
E ≪ (|Dt||B||A|)
3/2 + (|Dt|+ |B|+ |A|)(|Dt||B||A|) + |B|
2|A|2.
Case 2: If |Dt| ≥ |B|, then Theorem 2.3 with A := B,B := Dt, C := A gives
E ≪ (|B||Dt||A|)
3/2 + (|B|+ |Dt|+ |A|)(|B||Dt||A|) + |Dt|
2|A|2.
These cases can be handled in the same way. Therefore, without loss of generality, we assume
that we are in the first case, i.e. |Dt| ≤ |B|.
We also can assume that |Dt||A| ≥ |B|, otherwise, using the fact that t ≤ |A|, |B|, we have
|Dt|t
4
|A||B|3
≪
|B|t3
|A||B|3
≪ 1 ≤
|f(A,A)|2
|A|2
.
Similarly, we assume that |Dt||B| ≥ |A|. Furthermore, if (|A||B|)
3 ≤ |Dt|
5, then we have
|A|3|B|3 ≤ |B|5. This implies that |B|2 ≥ |A|3. This is not possible since |B| ≤ |A|3/2. Thus we
can assume that |A|3|B|3 ≥ |Dt|
5. With these assumptions, we obtain
E ≪ (|Dt||A||B|)
3/2 + (|B||A|)2.
Without loss of generality, let us assume (|Dt||A||B|)
3/2 ≥ (|B||A|)2. (As otherwise, |B||A| ≤ |Dt|
3.
Hence |Dt|t
4
|A||B|3
≤ t
4
|Dt|2|B|2
≤ t
4
D4
t
≤ 1 ≤ |f(A,A)|
2
|A|2
, and we are done.) Therefore,
|Dt|t
4 ≪
|f(A,A)|2|B|3
|A|
,
and we are done by the definition of d+4 (A).
Suppose |Dt||A||B| ≫ p
2, then one can apply a point-plane incidence bound due to Vinh [12] to
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obtain an upper bound of E. More precisely, we have
E ≪
|Dt|
2|A|2|B|2
p
.
Substituting this inequality to (3) we get
pt2 ≤ |f(A,A)||B|2. (4)
If t3 ≤ |B|
2|f(A,A)|2
|A|2
, then we can use the fact that |Dt|t ≤ |A||B| to obtain the desired bound for
d+4 (A). Otherwise, we obtain
t ≥
|B|2/3|f(A,A)|2/3
|A|2/3
. (5)
Therefore, it follows from (4) and (5) that
p
|B|4/3|f(A,A)|4/3
|A|4/3
≤ pt2 ≤ |f(A,A)||B|2.
Thus,
|A|6 ≥ |A|3|B|2 ≫ p3,
which gives us |A| ≥ p1/2. Therefore, we have proved that
d+4 (A)≪
|f(A,A)|2
|A|2
,
whenever |A| ≤ p1/2. 
Theorem 1.6 follows by combining Lemma 2.1 and Lemma 2.2.
Remark 2.4. It is clear that if f(x, y) = xy, then Theorem 1.6 is weaker than Theorem 1.3. In our
general setting, the main difficulty arises when we want to give an upper bound for E+2 (A,A−A)
in terms of |f(A,A)|, where E+2 (A,B) is the number of tuples (a1, a2, b1, b2) ∈ A
2 × B2 such that
a1 − b1 = a2 − b2. For all non-degenerate quadratic polynomials, it seems very difficult to give
such an upper bound, but for some special families of polynomials it is possible. For instance,
if f(x, y) = g(x)(h(x) + y) is a function defined on F∗p × F
∗
p, where g, h : F
∗
p → F
∗
p are arbitrary
functions, then one can follow the proof of [8, Theorem 1.6] to derive the following:
E+2 (B,C)≪ |A|
−2
(
|f(A,B)|3/2|A|3/2|C|3/2 + k|f(A,B)|A||C|
)
,
where k ≤ max{|A|, |C|, |f(A,B)|} under the assumption |f(A,B)||A||C| ≪ p2.
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